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L Cp-semigroups

x(t) = Ax(t), t>0, (1)
X(O) =x9 € H,
Operator A generates a Cy-semigroup on H if and only if
Cauchy problem (1) is well-posed and p(A) # 0.

| A\

@ Maxwell’s equations of electrodynamics
© Neutral type systems of delay differential equations
@ Regular Sturm-Liouville systems

@ Linear heat, diffusion and wave equations
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Ll:’rehist«,u‘_v

Let A be the generator of the Cy-group on H with eigenvalues
{An}22, (counting with multiplicity) and the corresponding
(normalized) eigenvectors {e,}o2 ;. If the following two
conditions hold,

(1 m{en};’f’zl =H;

@ The point spectrum has a uniform gap, i.e.,

inf |An — Am| > 0, 2
n¢m| | (2)

then {e, }>2, forms a Riesz basis of H.

To show that the assumption (2) is essential.
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e The case when {\,}52; can be decomposed into K < oo sets,
with every set satisfying (2), was considered by H. Zwart. More
precisely, Let the eigenvalues of the generator A of the Cyp-group

K
on H can be grouped into K sets, i.e., {\n}22; = U {0},
=1

with i;lf [Ank — Amk| >0,k =1,...,K, and the span of the

generalized eigenvectors of A is dense. Then there exists a
sequence of spectral projections {P,}2°; of A such that
{P,H}22, forms a Riesz basis of subspaces in H with

max dim P,H = K.

e So we consider the case when {\,}5°; does not satisfy (2) and
cannot be decomposed into K < oo sets, with every set
satisfying (2).




We start with a separable Hilbert space H. Consider arbitrary
Riesz basis {e,}o2, of H, operator T : e, — ent1, n € N, and
introduce the space

Hi ({en}) = {x € H: ||x]ls = |1 - T)xI|}.

HY ({en}) is a normed linear space, but incomplete, since
0eo(I-T).

By Hj ({en}) we denote the completion of H{ ({e,}) in the norm
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LSpace H; ({en})

o0
the space Hj ({en}) consists of formal series x = (f) >_ cpe, with
n=1

the property
{Cn = Cn—l}iozl € 62.

And H; ({en}) is a Hilbert space with a norm

%/l = H(f) > cuen > (cn—ca-1)en
n=1 n=1

x € Hi ({en}), and a scalar product
xy)1 =(IT-T)x,(I-T)y), x,y € Hi ({en}). )

Given any «a € [0, 1), we have (§) § n%, € Hy ({en}).
n=1

)
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LSpace H; ({en})

In particular case of H = {3 and when {e, }5° is the canonical
basis of ¢2, Hi ({en}) = ¢2(4), where
l(A) = {x={an}%, : Ax € ly}, A is a difference operator,

1 0 0 O

-1 1 0 0

A = 0 -1 1 0
1

The space ¢2(A) was first introduced by F. Bagar and B. Altay
in 2003. (Ukrainian Math. J.)

So we have that

Hi ({en}) = {X = (D caen: {eukizy € 52(A)}
n=1



LSpace H; ({en})

@ Lin{en}32, = Hi ({en}):
@ {en}2 does not form a basis of Hy ({en});
@ {en}o2 has a unique biorthogonal system

{a=0-D7 -}

n=1

in Hy ({en}), where (e,,el) = 0%

Q {xn}52, is uniformly minimal sequence in H; ({e,}) while
the sequence {e,}5° is minimal but not uniformly minimal

in Hy ({en});
@ H; ({en}) is a separable Hilbert space, isomorphic to f2;
@ H; ({en}) has an orthonormal basis.




L The construction

‘Theoperator A: I ({ea}) 5D(A) » Hi(fea))
Ax = A() Z cnén = (f) Z AnCnén, (3)

where {\,}52, C C, and domain

n=1

D(A) = {X = (f) chen € Hi({en}) : {Mncn}nz; € EQ(A)} c

()
Let {en}22; be a Riesz basis of H. Then {e,}32; does not form
a basis of H; ({en}) and the operator A defined by (3) with
domain (4), where A\, = ilnn, generates a Co-group on

Hi ({en})-




L The construction

o0 1 n 2 o
Z <— ak) <4 Z a2~ Discrete Hardy inequality.
n

> t 2 0 n—1 eitlnn 2
Ze‘“nncn_l—en :\t\Q Z Z(cj—cj_l) enll <
n=2 n n=2 \ j=1 n
2 2

oo |n—1 i — iy

Mty 0 1y S| < Mt > Zl% ¢l | <
n=2 |j=1 n=1

IS o il < 40 3 (e eu | = 40l
n=1 n=1




L The construction

Let f : [1,400) — R. Then we define the following function class,

S = {f : Xlggof(x) = +oo;nli>nolon|f(n —1)—f(n)| < oo}.

f(x) =lnxe S, v(x) =Inln(x+1) € S, g(x) =Inlnvx+1€S.




L The construction

Assume that {e,}o°, is a Riesz basis of H. Then {e,}22; does
not form a basis of H; ({e,}) and the operator
A :Hj ({en}) D D(A) — H; ({en}), defined by

Ax = A(f) Z cnén = (f) Z if(n) - cpen,
n=1 n=1

where f € §, with domain
D(A) = {X = (f) chen € Hi ({en}) : {f(n) - cn}iZ; € 62(A)} )
n=1

generates a Co-group on Hy ({en}).




L The construction

Even if we consider the spectrum {A\,}52; of A defined by (3,4)
of the same geometric nature, i.e. satisfying

lim i\, = —c0 and lim |[A\yy1 — Ay| =0, (5)
n—o00

n—o0

then A not necessary generates a Co-group on Hj ({en}).

Let {en}52; be a Riesz basis in H. Then the operator A defined
by (3) with domain (4), where {\,}22, satisfy (5) and
|)‘“| > 0, does not generate a Co-group on H; ({en}).

lim
n—oo

For instance, we can take A\, = iy/n.
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L The construction

The rotations

elt\/;(

9

are slowing down, when x — 400, with too low speed to
guarantee the convergence of the series

€

§ : ity/n n

e fcn_l_\/ﬁ.
n=2

in the original space H.
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L The construction

Constructed Co-group {eAt} ter Das the following remarkable
properties.

@ The growth bound wy of the Cy-group {eAt} ter coincides
with the spectral bound of its generator A and equals to 0.

@ The Cy-group {eAt}tGR grows as |t| when t tends to +oo.
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L Open question

Is it possible to construct the unbounded generator of a
Co-group with bounded non-Riesz basis family of eigenvectors?
Our conjecture is: Yes.

How to construct it? )
Remark
The construction of unbounded generator of a Cyp-semigroup
with bounded non-Riesz basis family of eigenvectors is quite

simple. (M. Haase, The functional calculus for sectorial
operators, 2006)
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Thanks for the attention! |
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