
Dynamical Systems and Their Applications

June 22 - 26, 2015, Kyiv, Ukraine

On singularity of distribution of random variables

with independent symbols of
Oppenheim expansions

Lilia Sinelnyk

Dragomanov National Pedagogical University,
Kyiv, Ukraine

e-mail: sinelnyklilia@ukr.net

Any real number x ∈ (0, 1) leads to the Oppenheim expansion

x ∼ 1
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where an = an(d1, . . . , dn), bn = bn(d1, . . . , dn) are positive integers and the denominators dn
are determined by the algorithm:

x = x1; dn =
[

1

xn

]
+ 1;xn =

1

dn
+
an
bn
xn+1,

and satisfy inequalities dn+1 >
an
bn
dn(dn − 1)[1].

We call expansion the restricted Oppenheim expansion (ROE) of x if an and bn depend

only on the last denominator dn and if the function hn(j) := an(j)
bn(j)

j(j − 1) is integer valued.
Each of the cylinders of ROE-expansion can be uniquely rewritten in terms of the Dif-

ference ROE-expansion (ROE): α1 = d1; αk+1 = dk+1 − ak
bk
dk(dk − 1).

Let ξ1(x), ξ2(x), ..., ξn(x)... be a sequence of independent random variables and

ξ = ∆ROE
ξ1(x)ξ2(x)...ξn(x)...

be a random variable with independent symbols of ROE-expansion,
P{ξk = i0} = pi0k.

Theorem If there exist a sequence lk, such that ∀x ∈ [0, 1] : ak−1

bk−1

b2k
a2
k

1
dk−1(dk−1−1)

< lk and∑∞
k=1 lk < +∞, then for any digit i0 almost all (with respect to the Lebesgue measure) real

numbers x ∈ [0, 1] contain symbol i0 of ROE-expansion only finitely many times and the
probability measure µξ is singular with respect to Lebesgue measure.
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